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Cells adapt to different conditions by altering a vast number of components, which is measurable
using transcriptome analysis. Given that a cell undergoing steady growth is constrained to sustain
each of its internal components, the abundance of all the components in the cell has to be roughly
doubled during each cell division event. From this steady-growth constraint, expression of all genes
is shown to change along a one-parameter curve in the state space in response to the environmental
stress. This leads to a global relationship that governs the cellular state: By considering a relatively
moderate change around a steady state, logarithmic changes in expression are shown to be propor-
tional across all genes, upon alteration of stress strength, with the proportionality coefficient given
by the change in the growth rate of the cell. This theory is confirmed by transcriptome analysis of
Escherichia Coli in response to several stresses.
Popular Summary Cells consist of a vast number
of components whose concentrations are now measurable
by means of transcriptome analyisis for gene expressions.
Then, is it possible to extract biologically relevant fea-
tures such as cellular growth, adaptation, and differentia-
tion from such high-dimensional data? Can we uncover a
universal law that governs across these high-dimensional
data of gene expression levels? Here, recall that ther-
modynamics achieved a description by just few macro-
scopic variables from the motion of an immense number
of molecules, by restricting our concern to thermal equi-
librium. Of course, cells are not in equilibrium. Instead,
they grow and divide, while keeping their concentra-
tions of components at an approximately same level, in
a steady-growth state. If we restrict our concern to such
cells under a steady-growth condition, it implies that all
the intracellular components are approximately doubled
before cell division. From this constraint, a general law
governing changes in gene expression during adaptation
to environmental changes is derived theoretically; Ac-
cording to this law, changes in the expression of each
gene are shown to be highly correlated, with a proportion
coefficient determined by the growth rate of the number
of cells; this is confirmed from transcriptome data of bac-
teria, Escherichia coli under different levels and types of
environmental stresses. These correlated changes repre-
sent cellular homeostasis in response to environmental
changes, set a constraint on high-dimensional changes in
expression, represented by a single quantity, i.e., the cell
growth rate, and facilitate a macroscopic description of
cells during adaptation and evolution.
INTRODUCTION
Cell’s internal state is now measurable with expres-
sion data on a few thousand genes using transcriptome
analysis. High-dimensional data on the gene expressions
are gathered, depending on cells and environmental con-
ditions. In spite of the increase in the available data,
however, it is sometimes difficult to extract biologically
relevant characteristics from them, due to the complex-
ity in gene expression network and dynamics. Indeed, the
common trend in the transcriptome analysis is to uncover
a set of genes that specifically respond to specific environ-
mental changes, while discarding other high-dimensional
data that are gathered. Search for a simple law that gov-
erns a global change in expressions across genes has not
seriously been attempted,
On the other hand, biologists are traditionally inter-
ested in macroscopic quantity such as activity, plasticity,
and robustness[5, 6], even though these have involved
qualitative, rather than quantitative, characteristics so
far. At this stage, then, it will be crucial to extract
such macroscopic quantities from a vast amount of the
expression data available using transcriptome analysis.
Here, the simplest candidate for such macroscopic quan-
tity will be the growth rate in cell population. Then, can
we extract some universal relationship on global gene ex-
pression changes and connect it with a macroscopic (pop-
ulation) growth rate of cell?
In searching for such universal relationship, it will be
relevant to restrict cell states of our concern, just as ther-
modynamics, the celebrated macroscopic phenomenolog-
2ical theory is established by restricting our concern to
thermal equilibrium. Of course, a cell is not in a state of
static equilibrium, but involves complex dynamics, and
grows (and divides) in time. Thus we cannot apply the
formulation in thermodynamics directly. However, we
can instead follow the spirit in thermodynamics; we re-
strict our concern to a system with steady growth state
and intend to extract a common law that should hold
globally to such state. Considering that the cell keeps its
internal state across cell divisions, it is expected that all
the components grow with a common rate. As a conse-
quence of such restriction, then, we may hope to uncover
a universal relationship across changes in gene expres-
sions. Indeed, in transcriptome analysis data, (e.g.,[1–
3]), existence of the correlation in the expression changes
across a vast number of genes is suggested [12, 13, 15–17],
which are brought about through adaptation and evolu-
tion [7, 8, 10, 11].
Here, we first analyze the transcriptome data in bac-
teria undergoing stress, to confirm a general relationship
between global changes across expression of all genes. To
explain such a general relationship in a cellular state,
we study a general consequence imposed by a constraint
of the cellular states achieved by restricting our concern
only to cells that maintain steady growth, i.e., those cells
that can grow and divide, retaining their state. Within
this constraint, we derive a theoretical relationship of
the changes in all components (i.e., expression levels of
all genes) in response to stress. Following this theoreti-
cal framework, we then re-analyze transcriptome data to
demonstrate the validity of our theoretical argument.
RESULT
Changes in gene expression under environmen-
tal stress conditions: experimental observations
In [16], transcriptome analysis of Escherichia Coli un-
der three environmental stress conditions, namely, os-
motic stress, starvation, and heat stress, was carried out
using microarrays. For each of these three conditions,
three levels of stresses (s = high, medium, low) were
used, so that the absolute expression levels, represented
by xj for j-th gene, are measured over a total of 3×3 con-
ditions in addition to the original (stress-free) condition.
To study behavior of cells under steady-growth condi-
tions, cells were cultured for a sufficient period beyond
the transient response to these stresses, after which gene
expression levels were measured. Note that, throughout
the paper, the point of interest is cellular behavior af-
ter recovery of the steady-growth state (which could be
termed adaptation, even though this does not necessarily
imply the optimization of the growth rate or the genetic
change). From these measurements, we calculated the
change in gene expressions levels between the original
state and that of a system experiencing environmental
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Fig. 1. Examples of the relationship between changes in gene
expression δXj(E
a
s1
) and δXj(E
a
s2
) for genes in Escherichia
Coli. δXj represents the difference in the logarithmic expres-
sion level of a gene j between the non-stressed and stressed
conditions, where s1 and s2 represent two different stress
strengths, i.e., low and medium. (a), (b), and (c) show the
plot for a = osmotic pressure, heat, and starvation stress,
respectively. The fitted line is obtained by the major axis
method, which is a least-square fit method that treats hor-
izontal and vertical axes equally, and is usually used to fit
bivariate scatter data[19]. The slopes are 0.57, 0.54, and 0.62
for (a), (b), and (c), respectively. The expression data are
obtained from [16]. Throughout the paper, we used the ex-
pression data of genes of which the expression levels under
the three stress conditions as well as the original condition
exceed a threshold (Xi > −1.5), in order to exclude inaccu-
rate data (about 10% of the total genes were discarded from
the analysis).
stress.
We investigated the difference in gene expression using
a log-scale (Xj = log xj), that is δXj(E) = Xj(E)−X
O
j
(i.e., log(xj(E)/x
O
j )) for genes j, where E represents a
given environmental condition, and XOj represents the
log-transformed gene expression level under the original
condition. We adopted a logarithmic scale as changes in
gene expression typically occur on this scale, and also as
it facilitates comparison with the theory described below.
To characterize global changes in expression in-
duced by these environmental stresses, we plotted
the relationship between the differences in expression
(δXj(E
a
s1
), δXj(E
a
s2
)) in Fig. 1a-c for s1 = low and s2 =
medium, where a is either osmotic, heat, or starvation
stress. The relationship between all possible combina-
tions of stresses and stress strengths are presented in
Supplemental Fig. S1. For the same type of stress,
(δXj(E
a
s1
), δXj(E
a
s2
)) correlates strongly over all genes,
which suggests that the global trend in changes in ex-
pression levels can be represented by a small number of
macroscopic variables.
Theory for the steady-growth state
To discuss changes in cellular state in response to envi-
ronmental changes, we introduce a simple theory assum-
ing a steady-growth state in a cell. When a cell grows
at this steady state and reproduces itself, all the compo-
nents it contains, e.g., the proteins that are expressed,
have to be approximately doubled[4, 6]. The abundance
of each component increases at an almost equal rate over
3(a) (b)
X1
No stress
Iso-μi for E
b
Iso-μi for E
a
δX1
stress Eb
stress Ea
δX1’
δX2
δX2’
δ μ
δ μ’
X2
X3
Fig. 2. Schematic representation of our theoretical analysis:
(a) Changes in gene expression in a high-dimensional state
space, under a given environmental stress, follows a curve
with µ1 = µ2 = · · · = µM , i.e., an iso-µ line. For different
environmental conditions, the locus in the state space follows
a different iso-µ line. (b) Changes in expression for each gene
1, 2, · · · is governed by the change in the growth rate δµ. For
different stress types, the change is shifted while governed by
δµ.
the time-scale of cell division; if the growth rates of some
components were lower than that of others, the compo-
nent would become diluted over time, and after some
divisions, the component would be “extinct”, so that the
cell state would not accommodate steady growth. For a
cell to maintain the same internal state, all the compo-
nents have to be synthesized at the same rate across cell
divisions. This steady-growth condition has to be satis-
fied amidst the nonlinearity, complexity, and stochastic-
ity of biochemical reactions.
Consider a cell consisting of M chemical components,
of which the synthesis allows it to grow and divide. In
a cellular state under steady-growth conditions, the cell
number increases exponentially over time, and thus each
component within the cell also increases exponentially,
as is expected from the autocatalytic nature of chemicals
as a set of intracellular components. Hence, it is natu-
ral to assume that the abundance of components within
the cell (as well as the cell volume) would generally grow
exponentially over a cell division cycle. Then, the abun-
dance of i-th component increases with exp(µit), over a
cell division cycle, where µi is the growth rate of the com-
ponent i. However, the steady-growth constraint under
which the concentration of each component i is main-
tained implies that µi = µ for all components i. As
µi is determined through the biochemical reactions in a
cell, given from M -dimensional dynamics, the constraint
µ1 = µ2 = · · · = µM yields M − 1 constraints on the
M -dimensional state space (see Fig. 2a). After changes
in the environment, there may be a transient period dur-
ing which the cells have not yet attained this steady-
growth state, but the steady state is likely to be attained
over time, as long as the cell maintains all of its inter-
nal components. The growth rate µ itself is changed in
response to a new condition, but the M − 1 constraints
µ1 = µ2 = · · · = µM are preserved. Hence, over the
long term, in response to environmental changes, the
cell progresses along a one-dimensional curve in an M -
dimensional state space of all components. This creates
a general constraint on all gene expression levels.
Considering that M represents a vast number (say
103 − 104 protein species in typical cells), this reduction
from M to 1 is quite marked. Naturally, cells are not
always in this steady-growth state. When a cell experi-
ences different conditions, the growth rate of each com-
ponent changes so that the concentration of each compo-
nent is altered. Later, however, cells return to a steady
growth-state with altered compositions of these compo-
nents, somewhat analogous to the restrictions of thermal
equilibrium state: when conditions within a system are
changed, the temperature T can become non-uniform.
The temperature Ti at a box i can vary (sometimes on
a microscopic scale, invalidating the existence of tem-
perature itself), but after approaching equilibrium, all
Ti’s are equal, so that a description using a few variables
again becomes possible. Likewise, in our case, µi in the
transient state could differ by component i, but after re-
covery of steady growth, all µi’s are equal, allowing for a
macroscopic description.
Next, we investigate the consequence of this constraint
on steady growth. Consider the concentration xi(> 0) of
each component. Since each component i is synthesized
(or decomposed) in relationship to other components, the
temporal change in the concentration of each component
is represented as a function of the concentrations of the
component itself and that of others, for instance by the
rate-equation in chemical kinetics. Furthermore, each
component, as well as the cell volume, grows at the rate
µ. Thus, the concentrations are diluted by this rate.
Hence, the time-change of a concentration is given by
dxi/dt = fi({xj})− µxi. (1)
Now, the stationary state is given by a fixed point con-
dition
x∗i = fi({x
∗
j})/µ (2)
for all i.
For the sake of convenience, let us denote Xi = log xi,
and fi = xiFi. Then, eq. (1) can be written as
dXi/dt = Fi({Xj})− µ, (3)
with the corresponding fixed point solution
Fi({X
∗
j }) = µ. (4)
In response to environmental changes, the growth rate
µ itself changes, as does each concentration x∗i ; how-
ever, the M − 1 condition requiring that Fi({X
∗
j }) is
independent of i for all i = 1, ..,M has to be satisfied.
Thus, a cell has to stay at a 1-dimensional curve in the
4M -dimensional space, under a given change in the en-
vironmental conditions (e.g., against changes in stress
strength; see Fig. 2a). With an environmental change,
all concentrations, µ, and {X∗j } generally change, while
the condition that Fi({X
∗
j }) is independent of i is main-
tained as long as the cells continue steady-state growth.
We assume that all the components i = 1, 2, ..,M are
retained after the change in environmental conditions,
and that no new component (gene) emerges. Taken
together, the cellular state is represented on an M -
dimensional space. Now, consider intracellular changes in
response to environmental changes as being represented
by a set of continuous parameters Ea, which denote en-
vironmental changes under the stress condition a. For
the moment, we omit the stress type a. With this pa-
rameterization E, the steady-growth condition leads to
Fi({X
∗
j (E)}, E) = µ(E).
We consider the parameter change fromE0 to E, where
each X∗i changes from X
∗
i at E0, to X
∗
i + δXi, which is
accompanied by a change from µ to µ+ δµ. Assuming a
gradual change in the dynamics xi, we introduce a partial
derivative of Fi({X
∗
j (E)}) by Xj at E = E0, which gives
the Jacobi matrix Jij . Now considering the condition
under which the change is sufficiently small, and taking
only the linear term in δXj , we get
∑
j
JijδXj(E) + γiδE = δµ(E) (5)
with γi ≡
∂Fi
∂E
.
Under the linear conditions we are concerned with,
δµ ∝ δE, so that δµ = αδE holds for a constant α.
Accordingly, we obtain
δXj(E) = δµ(E)×
∑
i
Lji(1− γi/α) (6)
where L = J−1. Since the latter term on the right-hand
side is independent of the magnitude of E, we simply
have
δXj(E)
δXj(E′)
=
δµ(E)
δµ(E′)
(7)
over all j (see Fig. 2b).
Hence, the change in the expression Xj in response
to external change is proportional over all components
j in this form. This provides a possible explanation
for the observed transcriptome analysis shown Fig. 1.
According to our theory, the proportion coefficient in
the expression level should agree with the growth rate.
Here, for each condition, the change in the growth rate
δµ(Eas ) was also measured. (a is either osmotic, heat,
or starvation stress). In Fig. 3, we compared the slope
of the changes in gene expression, i.e., the common ra-
tio δXj(E
a
s1
)/δXj(E
a
s2
), with δµ(Eas1)/δµ(E
a
s2
). The plot
shows rather good agreement between these two. In this
respect, the theory based on steady-state growth and lin-
earization of changes in stress applies well to the tran-
scriptome change.
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0.0 0.2 0.4 0.6 0.8 1.0 1.2
osmo
heat
strv
δµ(E   )/δµ(E   )
S
lo
p
e
s s1 2
a a
Fig. 3. Relationship between the slope of the change in
gene expression and the change in growth rate for the same
stress types. The abscissa denotes δµ(Eas1)/δµ(E
a
s2
), while the
ordinate is the slope in (δXj(E
a
s1
), δXj(E
a
s2
)). The red, green,
and blue dots represent osmotic, heat, and starvation stress
data, respectively, while the pair s1, s2 runs over different
strengths of the same stress type.
Changes in gene expression across different types
of stresses
So far, we have compared the expression levels across
different strengths for the same type of stress. How-
ever, expression changes can also be compared across
different stress conditions. Interestingly, the genome-
wide correlation of expression levels is not restricted
to a change in the same stress condition. In Fig.
4, (δXj(E
a
high), δXj(E
b
high)), which plots expression
changes across different stress conditions a 6= b (= ei-
ther starvation, heat, or osmotic stress), correlation is
still observed, even though there are more genes that de-
viate from the common proportionality, leading to lower
correlation coefficients, as compared with the correlations
observed under the same stress conditions.
The correlation is also discernible for other choices
of s1, s2, as shown in Supplemental Fig. S1, where all
the correlation diagrams of (δXj(E
a
s1
), δXj(E
b
s2
)) across
all possible stress conditions are plotted. Note that
such proportionality across genes has also been sug-
gested for several experiments, over different environmen-
tal conditions[12, 13]. The finding of correlation, even
with reduced proportionality, implies a common trend in
changes in expression across many genes, which is not
necessarily the result of a given stress condition, but is a
concept that holds across different environmental condi-
tions.
Since gene expression dynamics are very high-
dimensional, this correlation suggests the existence of a
strong constraint to adaptive changes in expression dy-
namics. Below, we discuss the theoretical origin of this
correlation. In eqs. (5)-(6), the environmental change E
5is no longer represented by a scalar variable, but the en-
vironmental change involves a different direction, so that
γai and α
a depend on the type of environmental (stress)
condition a. Hence, instead of eq. (7), we get
δXj(E
a)
δXj(Eb)
=
δµ(Ea)
δµ(Eb)
∑
i Lji(1− γ
a
i /α
a)∑
i Lji(1− γ
b
i /α
b)
(8)
Here, the right-hand side (RHS), in general, depends
on each gene j. This could blur the proportionality in
(δXj(E
a), δXj(E
b)) over all genes. In the following case,
however, the dependence of the RHS on j is relaxed, to
support approximate proportionality as indicated in Fig.
4. When γai and γ
b
i are independent of i, which we denote
as γa and γb, respectively, the RHS is reduced to
δµ(Ea)
δµ(Eb)
(1− γa/αa)
(1− γb/αb)
, (9)
so that the common proportionality of the change in ex-
pression holds, while the proportion coefficient is shifted
from a simple ratio between the growth-rate changes δµ.
Sometimes, environmental changes affect all processes,
globally. For example, if temperature or nutrient re-
sources are increased, the synthesis (or decomposition)
rates of all reaction processes are amplified across the
board.
Of course, there are some genes for which γEi deviates
from the above common value. If the number of such
genes with a specific response is small (and/or, its influ-
ence on other genes is small, i.e., the Jacobi matrix is
sparse), then the contributions from genes with a com-
mon γE value makes up the major portion of the sum-
mation in the RHS of eq. (9). If we neglect the minor
contributions from a few specific genes, common propor-
tionality could generally be maintained. Indeed, only a
limited number of specific genes are expected to respond
directly to environmental changes.
According to this approximation, the proportion coef-
ficient δXj(E
a)/δXj(E
b) deviates from δµ(Ea)/δµ(Eb)
by the factor (1 − γa/αa)/(1 − γb/αb). Note that this
correction in the proportion coefficient depends only on
the type, but not on the strength of each stress.
We examined this point from the transcriptome data
analyzed here, by plotting the proportion coefficient in
δXj(E
a)/δXj(E
b) versus δµ(Ea)/δµ(Eb) in Fig. 5. The
correlation between δXj and the growth rate in this fig-
ure also exists across different stress conditions. Addi-
tionally, the coefficient δXj(E
a)/δXj(E
b) is roughly pro-
portional to δµ(Ea)/δµ(Eb) with a proportion coefficient
that is mainly determined by the pair of stress types, over
different strengths.
Undeniably, the proportionality over different stress
types is not optimal. Indeed, existence of gene-specific
dependence γai leads to scattering in (δXj(E
a), δXj(E
b))
(for a 6= b) around the common proportionality by genes,
and there are more genes that deviate from the common
proportionality for a 6= b than those for a = b ( compare
Fig.4 with Fig.1), so that the estimation of the propor-
tion coefficient in Fig.5 is not so reliable especially for
those with lower correlation coefficient.
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Fig. 4. Examples of the relationship between changes in gene
expression δXj(E
a
s1
) and δXj(E
b
s2
) for different stress types.
The combination of stresses (a, b) is (osmotic, heat) for (a),
(osmotic, starvation) for (b), and (heat, starvation) for (c),
respectively. The strengths of the stress s1 and s2 are fixed
as high in these figures. The slopes are 0.65, 0.24, and 0.36 for
(a), (b), and (c), respectively, while the correlation coefficient
for each data is 0.40 (a), 0.43 (b) and 0.54(c). The relation-
ships between the changes in gene expression for all possible
combinations are presented in Supplemental Fig. S1. The
fitted line is obtained by the major axis method as described
in Fig. 1.
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Fig. 5. Relationship between the slope of change in gene ex-
pression and change in growth rate for different stress types.
The abscissa denotes δµ(Eas1)/δµ(E
b
s2
), while the ordinate
is the slope in (δXj(E
a
s1
), δXj(E
b
s2
)). The red dots repre-
sent data for the same stress types, while the green, blue,
and purple dots show combinations of different stress types
(a, b) =(osmotic, heat), (osmotic, starvation), and (heat,
starvation), respectively. The pair s1, s2 runs over different
strengths of all stress combinations. The size of the dots
represents the correlation coefficient between δXj(E
a
s1
) and
δXj(E
b
s2
). A lower correlation indicates that the fit of the
slope may be less accurate.
6DISCUSSION
We have shown here that steady growth conditions lead
to a global constraint over all gene expression patterns.
With a few additional assumptions, the proportionality
in the change in expression across genes can be derived,
in which the proportion coefficient is mainly governed by
the change in the growth rate. These theoretical predic-
tions were compared with several bacterial gene expres-
sion experiments, with approximate agreement.
The correlation with the growth rate is also inter-
preted by neglecting the direct environment dependence
in Fi({Xj(E)}, E), i.e., by replacing it with Fi({Xj(E)})
for most genes j. In other words, external environmen-
tal changes trigger changes in the levels of some compo-
nents {xm(E)}, which introduces a change in the growth
rate µ(E). For the stationary state, only the condi-
tion Fi({xj(E)}) = µ(E) is considered. With this ap-
proximation, the term for direct environmental changes
γi = ∂Fi/∂E is neglected, and eq. (7) follows directly,
so that growth rate changes determine gene expression
changes globally. Indeed, the experimental data may sug-
gest that the growth-rate makes the major contribution
to changes in gene expression.
This dominancy of growth-rate is, however, imperfect,
so that the environment-specific term γai has to be taken
into account to compare expression of genes across differ-
ent stress conditions. In our simple approximation that
neglects gene dependence of γai , γ
a/αa represents the de-
gree of the direct influence of the environment on gene
expression dynamics, as compared with the influence on
the growth rate.
As another possible estimate of this factor γa/αa, we
directly measured the variance of changes in expression
across genes, i.e., < (δXj(E)− < δXj(E) >)
2 >, where
< · · · > is the average over all genes (see Supplemental
Fig. S2). According to eqs. (8) and (9), this factor
grows in proportion to (1 − γa/αa)2δµ2 (in addition to
the variances determined by the Jacobi matrices, which
are independent of environmental stress a). As shown in
Supplemental Fig. S2, the factor (1 − γa/αa) decreases
in the order of a = osmotic stress, starvation, and heat
stress. Indeed, the deviation from δµa/δµb in Fig. 5 is
consistent with the above order of (1− γa/αa).
Furthermore, the environment-specific response of
gene expression γai generally depends on each gene i.
Here, genes that show specific responses to a given en-
vironment Ea may be few, while most others may not
be influenced directly by the environment; their expres-
sion levels may be mostly determined by the homeostatic
growth condition Fi{Xj(E)}) = µ(E). Distinguishing
such homeostatic genes from those that show specific re-
sponses to individual environmental stresses will be im-
portant as the next step in the statistical analysis of
adaptation.
In eq.(1), we have not assumed any specific form with
particular dependence upon some protein species. In re-
cent study, specific dependence of the fraction of riboso-
mal proteins upon the growth rate is discussed by adopt-
ing a description by few degrees of protein groups [14].
It will be interesting to introduce some specific genes in
our formulation while keeping high-dimensional expres-
sion dynamics.
It is also interesting to note that gene expression
changes δXj across genes correlate between environmen-
tal and genetic perturbations. In fact, Ying et al.[17]
measured the changes in gene expression induced by the
environmental perturbation Eenv, and the genetic per-
turbation Eg induced by external reduction of several
genes. Again, they observed a strong correlation between
δXj(E
env) and δXj(E
g) across genes (see Fig. 5 of [17]).
Indeed, our theory can also be applied to adaptive
evolution, in which growth rate is first reduced by en-
countering a novel environment Eenv, and then recov-
ers by genetic changes Eg through evolution, so that
δµ(Eg)/δµ(Eenv) < 1. According to our relationship,
changes in gene expression levels introduced by a new
environment is reduced through adaptive evolution, i.e.,
δXi(E
g)/δXi(E
env) ∼ δµ(Eg)/δµ(Eenv) < 1, as dis-
cussed. In other words, there is a common homeostatic
trend for the expression of most genes to return to the
original level, as extensively observed experimentally[15,
18].
A few issues should be considered prior to the appli-
cation of the theory presented here. First, it must be
assumed that the components continue to exist, and that
novel components do not appear. Under this condition,
the postulate for common µi generally holds, even though
the linear approximation does not. However, even if
some components do become extinct or novel components
emerge, the constraint may still exist for other compo-
nents, and the proportionality relationship Eq. (7) holds
approximately, as long as the influence of the extinct or
emerging components is limited.
Second, it is assumed that the fixed-point of eq. (1)
is not split by bifurcation. When bifurcation occurs, we
can apply our theory along each branch (under the con-
dition that the inverse Jacobi matrix exists), but direct
comparisons cannot be made across different branches.
Moreover, in some cases, the attractor of the expression
level is not a fixed-point, but is an oscillatory state. How-
ever, as long as the oscillation period is shorter than the
cell division time, one can use the average µi of the pe-
riod, instead of µi, leaving the present argument valid.
Third, we adopted a linearization approximation to ob-
tain Eq. (7). For larger changes in external conditions,
there will be a gene-specific correction to the linear re-
lationship Eq. (6). However, linearization is adopted
after taking the logarithm of gene expression levels, so
that the size of δXi may not be so restrictive when seen
in the original scale of gene expression xi. Indeed, the
7agreement with the theory shown in Figs. 1 and 3 for
the same stress indicates that the linearization approxi-
mation is valid, even though the growth rate is reduced
to less than half of the original.
The present theory facilitates description of a cellular
system with only few macroscopic variables, for charac-
terization of adaptation and evolution. Furthermore, our
theory with regards to common µi can be applied to any
system of stationary growth. As presented, each element
i represents a replicating molecule within a cell, but, sim-
ilarly, we can apply our theory by using such an element
to describe cells of different types within an organism.
Alternatively, macroscopically, one can assign an element
as a population of each species in a stationary ecosystem.
The multi-level constraint of the steady-growth condition
across a hierarchy is an important concept for elucidating
global relationships in complex-systems biology[6].
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Fig. S6. Supplementary Fig.1: Relationship between gene expression changes δXj(E
a
s1
) and δXj(E
b
s2
) for all possible
combinations of stress types and stress strength, from the data in[16]. The blue fitted lines are obtained by the major axis
method.
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Fig. S7. Supplementary Fig.2: The variance of δXj(E
a
s1) over all genes as a function of δµ(E
a
s1), from the data in [16]. The
variance of the expression change over genes is computed as < (δXj(E
a
s1
)− < δXj(E
a
s1) >)
2 >, where < · · · > is the average
over all genes. The red, green, and blue dots denote a = osmotic pressure, heat, and starvation stress, respectively.
